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Chuong 1

Bién doéi dai s6 va phan tich ra thira so

Chuong nay nhéc lai mot so6 dang toan co ban vé dang thiic dai s6 va phan tich
da thic thanh cac nhan ti.

Bai toan 1.1. Phan tich cac biéu thic sau thanh nhan ti
a) 2® + 2t + 1, b) 2%+ x+1,
c) 2%+ 27 + 1, d) 2%+ 32* + 4.

Bai toan 1.2. Phan tich cic biéu thic sau thanh nhan ti
a) (a—b)+ (b—c)P+ (c—a),
b)w—xw-—w—yﬂa+@—yMi
c) z(y* — 2°) +y(2* — 2%) + 2(2° — 97,
d) (::r;—|—y—|—z) a3 — 3 — 2

Bai toan 1.3. Ching minh rang da thic

AR EL: ST BTV S |
chia hét cho
x31+x30+...+x2—|—a}'—|—1.

Bai toan 1.4. Cho a + b + ¢ = 0, chitng minh réng
a) a®+ b + ¢ = 3abc,
b) @+ a*c + —abc + V?c +b® = 0,
Bai toan 1.5. Cho b = a — 1, chiing minh réng
(a+b)(a* +b*)(a* +bY) ... (a*® 4+ b*?) = a® — %
Bai toan 1.6. Cho 2+ ¥ 42 =1va 2+ 5 + £ = 0, Chiing minh ring
BT

St mtz=1



Bai toan 1.7. Tinh tich

101 x 10001 x 100000001 x 100 x --- x 100...00L .

2n—1
Bai toan 1.8. Xac dinh céic sb a, b sao cho da thic
st 4227 4 ar+b

la binh phuong cia mot tam thiic bac hai.

Bai toan 1.9. Tinh
L + L 4+t L
1+v2 V2+43 V1970 + /1971

Bai toan 1.10. Tinh tong

1 1 1
Ix2x3x4 2x3xdx5 " ThamrDnt2nL3)

Bai toan 1.11. Tinh tong
S=1+4+2x+32*+423+ -+ nz" L
Bai toan 1.12. Tinh tong
Ix 1 +2x204+3%x3+---+nxnl.

Bai toan 1.13. Chitng minh rang véi moi a, b khong dong thoi

a? b2

T r—1

=1

Bai toan 1.14. a,b,c la cac so6 phan biét, trong d6 ¢ # 0. Ching minh rang
néu phuong trinh 22 4 ax + be = 0 va 22 + bx + ca = 0 c6 ding mot nghiem
chung, thi hai nghiém con lai sé théa man phuong trinh 2 + cz + ab = 0

Bai toan 1.15. Gia st a + b+ ¢ < 0 va phuong trinh az? + bx + ¢ = 0 khong
c6 nghiem. Xac dinh dau cta c.



Chuong 2

Phuong trinh nghiém nguyén

Ta nhic lai mot s6 dang toan vé phuong trinh Diophant.

2.1 Phuong trinh Pitago

Phuong trinh Pitago la phuong trinh sau
r? oyt = 2P (2.1)
Bo ba s6 nguyen duong (z,y, z) thoa man (1) duge goi 1a mot bo ba Pitago.

RO rang néu (x,y, z) 1 mot bo ba Pitago thi véi moi d € N*, (dz, dy, dz)
ciing 13 mot bo ba Pitago. Vi thé ching ta chi can tim cac bo ba Pitago (z, vy, 2)
voi (x,y,z) = 1. Mot bo ba Pitago nhu vay goi 1a mot bo ba Pitago nguyén
thuy.

Bo6 dé 2.1. Néu (x,vy,2) la mot bo ba Pitago nguyén thiy thi x,y, z doi mot
nguyén to cung nhav. Hon nia, x,y khong cung tinh chdin 1é va z [é.

Ching minh. Gid st (z,y) > 1. Néu p la s6 nguyén t6 véi p|z, ply thi
Pz + y? = 22 = p|z. Dicu d6 trai véi gid thiét. Vay (x,y) = 1. Tuong tu
(x,2) =1,(y,2) =1,

Vi (z,y) = 1 nén xz,y khong thé cting chin. Gia st ching cuing 18. Khi d6
2> =y?> =1 (mod 4) suy ra 22> = 2 (mod 4). Diéu nay khong xay ra. Vay z,y
khong cung tinh chan 1é. Do dé z 1é.

Vi vai tro clia (x,y) binh dang nén khong gidm tong quat ta gia thiét y chin.
Dinh 1y 2.1. B¢ ba (z,y, 2) la mot b ba Pitago nguyén thiy (vdiy chan) néu
va chi néu né cé dang

r=m"—n
Yy = 2mn

z:m2+n2



trong dé m,n la cdic s6 nguyén duong m > n,(m,n) = 1 va m,n khdac tinh
chan [é.

Ching minh. Gia stt (2, v, ) 1a bo ba Pitago nguyén thiy. Ta c¢6 y? = 22 —

2 = (2+2)(z—x). Viz,z18 viy chdn nén z+x = 21, 2 —x = 2t,y = 2h. Thay
vao ta dugdc h? = [t.Tac z = [+t,x = [—t. Theobd dé (x,2) = 1 = (I,t) = 1.
Vay ton tai m,n sao cho [ = m?,t = n? = h = mn. Vay z,vy, z ¢6 biéu dién
da néu. Hon nita vi z 1& nén m, n khac tinh chdn 1é. Néu c6 s6 nguyén t6 p vdi
p|lm, p|n thi p*|m?, p?|n? = p|z, p|z Mau thudn. Vay (m,n) = 1.

Déo lai néu (z,y, 2) c6 dang trén thi dé kiém tra chiing 13 mot bo ba Pitago.
Dé chitng minh né 1a mot bo ba Pitago nguyén thiy ta chi can chitng minh
(x,z) = 1. That vay gia st ¢6 s6 nguyén t6 p véi p|z, p|z. Suy ra plx + 2z =
2m?, p|lz —x = 2n%, Vi 2 1é nén p 18. Vay p|m?2, p|n? = p|m, p|n = (m,n) > 1.
Mau thuan .

Vi du 2.1. Liay m = 2,n = 1 ta ducgc bo ba Pitago nguyén thiiy nhé nhat
(3,4,5). Lay m = 5,n = 2 Khi d6 theo cong thitc trén ta thu duge bo ba Pitago
nguyén thiy (21,20, 29).

2.2 Phuong trinh Fecma

Bén 1é ctia mot cudn sach s6 hoc ctia Diophant xuat ban vao nam 1637, nguoi
ta da tim thay Fecma da viét nhu sau :" Phuong trinh 2" + " = 2" khong c6
nghiém nguyén duong véi n > 3. Toi da tim dugc mot cach chiing minh tuyét
dieu diéu khang dinh nay nhung vi 1é sach qua nhd nén khong thé trinh bay
dugc". Phuong trinh 2" + y" = 2" dudc goi la phuong trinh Fecma. Khang
dinh:" Phuong trinh 2" + y" = 2" khong c6 nghiém nguyén duong véi n > 3"
ducce goi 1a dinh 1y 16n Fecma. Dinh 1y nay sau mdéi dude chiing minh day dua
nam 1995 bdi Wiles. Nguoi ta khong tin Fecma da chiing minh duge dinh ly
nay mot cach chinh xac.
Dinh ly 2.2. Phuong trinh
gt 4yt = 22 (2.2)

khong co nghiém nguyén duong. Tw do suy ra dinh ly lon Fecma ding véin = 4.
Ching minh. Gid st phuong trinh (2) c6 nghiem. Goi (zg, Yo, 20) 14 nghiém
sao cho 2y 1a nho nhat. Ta co:

i) (%0, yo) = 1. That vay néu tréi lai goi p la utice nguyen t6 chung ctia xg, yo.
Ta c6 p*lzg+yj = 25 = P°|20 = 0 = pr1, Y0 = py1, 20 = P°21 = @} +yi = 2.
Vay (x1, 91, 21) 1a nghiém véi z; < zp. Mau thuan.
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ii) Vay (23,43, z0) 12 mot bo ba Pitago nguyén thiy. Gid st yo chin, xq 1é.
Khi do6 theo dinh 1y 1 ta c6

rs =m? —n? (2.3)
yg = 2mn

20:m2—|—n2

trong d6 m,n la cac s6 nguyen duong m > n, (m,n) = 1 va m,n khac tinh
chén 1¢é.
Tu (3) suy ra (zg,n,m) lap thanh bo ba Pitago nguyén thiy. Lai theo dinh
Iy 1
Ty = a® — b
n = 2ab
m = a® + b’ (2.4)

trong d6 a, b 1a cac s6 nguyen duong a > b, (a,b) = 1 va a, b khac tinh chin 1é.

Gia st yg = 2y1. Taco tit (3) y3 = 4y} = 2mn = 4dab(a®>+b*) = 7 = ab(a®*+
v?) = abm. Lai ¢6 (a,b) =1 = (a,m) = (bym) =1=a=a3,b= 0, m=m?.
Thay vao (4) ta duge m? = af + bi. Vay (a1,b;,m1) 1a nghiem cta (2) véi
my < m? =m < m?+n*= 2. Mau thuln.

Hé qua 2.1. Dinh lyj lon Fecma ding voin = 2°,s > 2.

That vay suy tir x2 + % = 22 = (22 )+ (2 )= (224

Ménh dé Néu dinh Iy Fecma lén ding cho moi s6 nguyén to 1é p thi no
diung vor moi n > 3.

Chitng minh. Theo dinh Iy trén ta chi can chiing minh véi trudng hgp n c6 uée
nguyen t6 1é p. Gia stt n = mp. Khi d6 2" +y" = 2" = (™)’ + (y™)P = (2™)P.
Mau thuan vi dinh 1y Fecma 16n ding cho moi s6 nguyén t6 1é p.

Ole da ching minh dinh 1§ Fecma I6n v6i n = 3, Diricle v6i n = 5 nam 1825
va Lame v6i n = 7 nam 1825. Nam 1993 da ching minh dinh 1y Fecma véi moi
s6 nguyen t6 p < 4.100.

Dinh ly 2.3. Phuong trinh
ot — gyt = 2 (2.5)

khong cé nghiém nguyén duong.

Ching minh. Gia st phuong trinh (5) ¢6 nghiém. Goi (zg, Yo, 20) 14 nghiém
sao cho zp 1a nhd nhat. Ta cé:



i) (20, y0) = 1. That vay néu trai lai goi p 1a utice nguyen t6 chung ctia xg, 4.
Ta c6 pYlag —ys = 25 = p*|20 = 2o = pr1, Yo = py1, 20 = P21 = 21—y = 21.
Vay (x1, 91, 21) 1a nghiem véi x; < xy. Mau thuén.

i) Ta c6 (22)? = (y3)* + 28. Do d6 (y3, 20, ¥3) 12 bo ba Pitago nguyén thiy.

a) Néu yo 1&. Theo dinh 1y 1 ton tai m,n la cac s6 nguyén duong m >
n, (m,n) = 1 vA m,n khac tinh chin 18 sao cho y3 = m* — n% a3 = m? + n?.
Suy ra m* — n* = (xoyo)?. Vay (m,n, zoyo) 1a mot nghiem ctia (5). Nhuung
m? < m? +n? = 2} = m < zy Mau thuan.

b) Néu yg = 2y; chdn.Theo dinh 1y 1 ton tai m,n l1a cic s6 nguyén duong
m > n, (m,n) =1 va m,n khac tinh chin 1é sao cho 33 = 2mn, 22 = m? + n?.
Vay (m,n,xy) 1la mot bo ba Pitago nguyén thity. Theo dinh 1y 1 ton tai cac s6
nguyén duong a > b, (a,b) = 1 va a, b khac tinh chén 18 sao cho xg = a?+b? con
m = a’—b%,n = 2abhodac m = 2ab,n = a®—b?. Trong moi trudng hop ta ludn cé
mn = 2ab(a®>—b?) = y32 = 2mn = dab(a®>—V?) = y? = ab(a*—b*). Vi (a,b) = 1
nén (a,a’—b%) = 1;(b,a®>—b*) = 1. Vaya = a2,b = b3, a>—b* = r? = a] —b] =
r2. Vay (a, b1, ) 1a nghiem ctia (5). Nhung a; < a? +b} = a+b < a®>+b? = .
Mau thuan v6i cach chon zy 1a nhé nhat.

Vi du 2.2. Ching minh rdng phuong trinh x* — 4y* = 2% khong cé nghiém
nguyén duong.

Giai. Gia st phuong trinh ¢6 nghiém. Goi (zg,yo, 20) 1& nghiém véi 2y bé
nhéat. Tuong ty nhu trén ta c6 (g, y0) = 1. Gid st xy chdn xy = 2k. Thay vao
16k —4yd = 22 = 29 = 2h,4k* —y3 = h% Vi (20, 50) = 1 nén y 18. Vay ya = 1
(mod 4) = h? = —1 (mod 4) khong xay ra. Vay zg 1é. Tacé (23)* = 23+ (2y3)>.
Do o 18 va (xg,90) = 1 nén (x3,2y3) = 1. Suy ra (22, 2y3, 23) 1a bo ba Pitago
nguyén thity. Do d6 ton tai cdc s6 nguyén duong a > b, (a,b) = 1 va a,b khac
tinh chén 18 sao cho 2yf = 2ab, 23 = a* + V> = a=r* b=’ = 23 =rt + &
trai véi dinh 1y 2.

Vi du 2.3. Ching minh rang phuong trinh x* + 4y* = 2% khong cé nghiém
nguyén duong.

Giai. Gid st phuong trinh c¢6 nghiem. Goi (z,yo, z0) 1& nghiém véi zy bé
nhat. Tuong ty nhu trén ta c6 (xg,y0) = 1.Gid st 2y chdn xqg = 2k. Thay
vao 16k + 4yt = 22 = 20 = 2h, 4k* + y3 = h®. Vay (yo, k, h) 1a nghiem véi
h < 2h = 2. Mau thudn.Vay zq 1&. Ta c6 (22)? + (2y3)* = 23. Do zg 1& va
(w0, 0) = 1 nén (x3,2y3) = 1. Suy ra (23, 243, 20) 1 bo ba Pitago nguyén thiy.
Do d6 ton tai cac s6 nguyén duong a > b, (a,b) = 1 va a,b khac tinh chin 1¢

8



sao cho 2y2 = 2ab, 23 = a®> — V? = a =r?* b = s* = 22 = r* — s trai véi dinh

Iy 3.

Vi du 2.4. Giai cic phuong trinh:
1ot =2yt =1
2. xt — 2t = —1

Giai.

L2t -2yt =1 < 2t + (yH)* = (y* + 1)%. Tt dinh 1y 2 suy ra phuong trinh
vo nghiém.

2. 2t — 2yt = -1 & (y?)? — ' = (y* — 1)? . T dinh Iy 3 suy ra ta phai c6
(y* —1) =0 =y = 1 = x = 1. Vay phuong trinh c6 nghiém duy nhat
r=y=1.

Tiép theo xét mot sd dé toan tir cac ky thi OLympic.

Bai toan 2.1. Cho a, b 14 cac s6 nguyén t6 cing nhau. Chiing minh ring phuong
trinh
ax + by = ab

khong c6 nghiém trong tap cac sé tu nhieén.
Bai toan 2.2. Tim nghiém nguyén ctia phuong trinh
Ty =x+y.
Bai toan 2.3. Tim nghiém nguyén ctia phuong trinh
62° + 5y° = 74.

Bai toan 2.4. Tim nghiém nguyén ctia phuong trinh
1922 + 28y* = 729.

Bai toan 2.5. Tim nghiém nguyén ctia phuong trinh
ry T2 Yz

+—+—==3.
z Y x

Bai toan 2.6. Tim nghiém nguyén duong ctia phuong trinh

l+z+22+23=2Y



Bai toan 2.7. Tim nghiém nguyén duong ciia phuong trinh
U204 ol =92
Bai toan 2.8. Tim nghiém nguyén duong ciia phuong trinh

110

T+ = —.
y+: T

Bai toan 2.9. Tim nghiém nguyén duong ciia phuong trinh
r+y—+z=1xyz.
Bai toan 2.10. Tim nghiém nguyén duong ctia phuong trinh
¥ 4+1=z
Bai toan 2.11. Tim nghiém nguyén duong ctia phuong trinh
VT + 5 = V1960.
Bai toan 2.12. Tim nghiém nguyén ctua hé phuong trinh

T+y=2
xy — 22 =1
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Chuong 3

Phuong trinh vaA bat phuong trinh dai
s

3.1 Phuong trinh va bat phuong trinh bac hai

Xét ham s6 (tam thitc bac hai) f(x) = ax?® + bz + ¢, a # 0. Khi d6 ta c6 bién
doi sau 2 A
af(r) = (ax + 5) -
véi A = b — 4ac. Tt dang thic nay, ta c6 két qua quen thuoc sau vé dinh 1y

ve dau ciia tam thiic bac hai.

Dinh 1y 3.1. Xét tam thiic bac hai f(z) = ax® + bx +c, a # 0. Khi do
i) Néeu A <0 thiaf(x) >0, Vz € R,
i) Néu A =0 thi af(x) > 0 Ve € R. Dau dang thic zdy ra khi va chi khi
b

r=——.
2a
ii) Néu A >0 thi af(x) = a*(x — x1)(z — x9) vdi

b VA

- L F¥= 3.1
127 750 T 2] (31)
Trong truong hop nay, af(x) < 0 khi x € (x1,22) va af(x) > 0 khi x < a1
hodc x > 5.
Tt d6 ta thu duge két qua sau.

Dinh 1y 3.2 (Dinh li déo). Diéu kién can va di dé ton tai s6 o sao cho af(a) <
0laA>0wviz <a<xy, trong dé x12 la cic nghiem cia f(z) zdac dinh theo
(1.2).
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Dinh 1y 3.3 (Viete). Phuong trinh bic hai ax® +bx +c = 0 (a # 0) ¢ cic
nghiém 1, xs khi va chi khi
—g =1+ X9
5 = 1122

Nhan xét rang, cac dinh i trén déu duge mo td thong qua bat dang thic
(két qué so sanh biet thitc A véi 0).

Cac dinh i sau day cho ta tiéu chuan nhan biét, thong qua biéu dién hé sb,
khi nao thi phuong trinh bac hai f(x) := az? + bz + ¢ =0, a # 0, c6 nghiem.

Dé dang ching minh dinh 1y sau:

Dinh 1y 3.4. Vdi moi a,b (a # 0) cho trudc déu ton tai c dé phuong trinh bac
hai f(x) = az® + bz +c =0 c6 nghiém.

Tiép theo, ta chiing minh

Bo dé 3.1. Tam thic bac hai f(z) = 322 — 2bx + ¢ ¢6 nghiém (thuc) khi va chi
khi cdc hé s b,c c6 dang

b=a+ 3+~
{c: aff + By +ya (3.2)

Chitng minh. Phuong trinh da cho c6 A’ = b — 3c.
Diéu kien di 1 hién nhién vi theo bat dang thitc Cauchy, ta c6

A'=b* =3¢ = (a+ +7)* —3(aB + 7 +70a)

=a’ + 4+ — (@B + By + )
1 1 )

=5(a=0)"+ %(ﬁ -7 +500—a) =0

Diéu kién can. Gia st phuong trinh bac hai c6 nghiém thuc 1, 2. Khi d6, theo
T+ b
dinh 1y Viete, thi ————2 =

2 3
Ta chon v = 3 va chitng minh ton tai « va § théa man (3.3). Thé vao (3.3),
ta dudce

{b:oz+ﬁ+§
c=af+La+p)
hay

{onrﬁ:%b

aﬁzc—%bz
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2 2
Heé nay tuong tng v6i phuong trinh bac hai t? — §bt +c — §b = 0, ¢6 nghiém
b? 2 1
khi va chi khi &' = & — (c . §b2) = = (b —3¢) > 0, dpem. 0

T day, ta c6 thé phat biéu két qua tong quat

Dinh 1y 3.5. Tam thic bac hai f(x) = ax®*+bx+c (a #0) c6 nghiem (thuc)
khi va chi khi cdc hé s6 a,b,c co dang

—a=3(a+8+7)
{ €= Lop + 0y +1a) (33)

Chiing minh. Ta st dung cac bién doi sau:
ar? +br+c=0

5 b c
¥+ -r+—-=0

a a
—3b 3
322 — 2<—>:c+ =0
2a a
Tiép sau ap dung két qua ctia bo deé 3.1, ta thu dudc dpcm. ]

3.2 Mot sb bai toan vé phuong trinh va bat phuong trinh dai s

Bai toan 3.1. Giai phuong trinh
(x —1)(x —3)(x+5)(x+T7) = 297.
Bai toan 3.2. Giai phuong trinh

S N
22420 —3 22420 +2 a2+42x+1

Bai toan 3.3. Giai phuong trinh

3,1 4 4 1 3
r -1 -2 -3 z—4x-5

Bai toan 3.4. Giai phuong trinh
(z 4 2)* + 2! = 82.

Bai toan 3.5. Giai phuong trinh trong tap cac s6 nguyén duong

1 1 1 V4 — 4
_+—+ .._|_ — n+ .
nn+1) Vi—n+5

1.2 2.3 "
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Chuong 4

Phuong phap giai mot s6 dang phuong
trinh vo ty

4.1 Phuong phap dat an phu

Khi giai phuong trinh vo ty bang phuong phap dat an phu ta c6 thé dit an phu
dé dua phuong trinh da cho vé phuong trinh dai s6 khong chita can thic véi an
méi 1a an phu, hodc dit an phu ma van con an chinh, ta c¢6 thé tinh an nay theo
an kia, hoic dit an phu dé dua phuong trinh vé hé hai phuong trinh véi hai an
14 hai an phu, cling c6 thé hai an gdom mot an chinh va mot an phu, thuong khi
d6 ta duge mot he déi xiing, hodc dat an phu dé dudge phuong trinh c¢6 hai an
phy, ta bién doi vé phuong trinh tich v6i vé phai bang 0.

Thudng thi khi giai phuong trinh ta sit dung cac bién ddi tuong duong, néu
stt dung bién déi hé qua (khong tuong duong) thi nhat thiét phai thi (kiem
chiing) lai nghiém.

Vi du 4.1. Giai phuong trinh sau:
1822 — 18zy/z — 172 — 8z — 2 = 0.
Giai (cha dan).
Dat /x =y, y > 0. Khi d6 phuong trinh d6 cho tré thanh
(3y” — 4y — 2)(6y” +2y +1) =0,
2+ 10
3

suy ra 3y® — 4y — 2 = 0, ta thu duge y =

14 4 4/10
9 :
Vi du 4.2. Giai phuong trinh sau:

x2—3x+1:—§\/a:4+1:2+1.

. Tw d6 phuong trinh c6

nghiém la x =

14



Giai (chi dan).
Tacoxl+ 2?2 +1= (2> +1)? -2 = (2> + 2+ 1)(2®> —x + 1) > 0 véi moi z.
Mit khac 22 =3z +1=2(2*> -2+ 1) — (2* + z + 1).

3
— 1
Dat y = w, ta thu dugc
Va2+ao+1
V3

3 3
2y — 1 = —%y(:)6y2—|—\/§y—3:0, ta dugc y = %(loaiy: —7)

T d6 phuong trinh ¢6 nghiém la z = 1.

Vi du 4.3. Giai phuong trinh sau:

1 1
2—22+4/2— 5 =4~ (a:+—>.
x x
Giai (cha dan).
Ta thay x < 0 khong théa man phuong trinh. Khi d6 phuong trinh tuong duong
vOl hé
(x>0

1
4—<a:+—> >0
T

(vE a2 ) = (1= (e 1))’

X

1
bat x + — = vy, ta dugc
x

2 <y <4 (4.1)
4—(y" =2) +2/5-2(2 - 2) = (4 —y) (4.2)

Xét
(4.2) & VI—22 =192 —dy+5 < y* — 8y> +28y° — 40y + 16 = 0

(do hai vé khong am). Diéu nay tuong duong vdi

S (y—2)(y° =6y +16y —8) =0 & (y — 2)[(y — 2)(y* — 4y +8) + 8] = 0.

Dan dén y = 2 (do (y — 2)(y* — 4y + 8) + 8 > 0, Vy thoa man (4.1)). T d6
phuong trinh c6 nghiém la x = 1.

Vi du 4.4. Giai phuong trinh sau

20> + V1 —x+22\/1 —22=1.
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Giai (cha dan).
Ta c¢6 phuong trinh da cho tuong duong véi
V1I—z=1-22"—22\1—2?
=1 — 2 =1+42" +42*(1 — 2%) — 42 — 42/1 — 22 + 82°\/1 — 22
(1l —4y1 - 22+ 82°/1 —22) =0
=10

Tl sV -2 = 0(1)

Xét (1), dat y = V1 — 22, suyray > 0va 2? = 1 — 32
Ta dugc
1—4y+8y(1—y) =08 —4y—1=0
S2y+ 1)y —2y—1)=0
1++/5

Sy =—7

55

Tudoésuyrax ==+ S

5-5

Thtt lai ta dugc nghiém cta phuong trinh la z =0 va z = — 3

Vi du 4.5. Giai phuong trinh

2?4+ 3z +1= (v +3)vVa2+1.
Giai (cht dan).
Dit Va2 + 1 =y, y > 1. Khi d6 ta dugce y*+3x = (z+3)y & (y—3)(y—z) = 0.
Din dén y = 3 va y = 2. Tt d6 phuong trinh ¢6 nghiem la z = £/2.

Vi du 4.6. Giai phuong trinh
V17T — a8 — /228 —1=1.

Giai (cha dan).

Diat V17 — 28 =y, y > 0 va v/22% — 1 = 2. Khi d6 ta dugc he
y—z=1 N z=y—1
2yt + 23 =33 2yt + (y — 1) =33

Xét 2yt + (y— 1) = 33 & (y—2)(2y> + 5y + Ty +17) = 0. Suy ra dugc y = 2.
T d6 nghiém cua phuong trinh la x = +1.
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Vi du 4.7. Giai phuong trinh sau

r+V4—122=2+3x\V4— 2
Giai (cha dan).
Dat v4 — 22 =y, 0 <y < 2. Khi d6 ta dugc he
r+y=2+3zy
2?4+ y? = 4.

Thé hoac lai dat x +y = S, xy = P roi giai tiép ta duge nghiém ctia phuong
—2—V14

3 :
Vi du 4.8. Giai phuong trinh sau

4
/81x — 8 = 23 — 23:2—|—§:U— 2.

trinh lax =0, =2, v =

4
Dat /8lz —8 =3y = 3z = y> — 24> + 3 Khi d6 ta duge hé

4
3z =1y° — 2y + ~y

3y = 2° — 227 + -

3
e o VU DA DI
Xét hieu hai phuong trinh dan dén x = y (do é(x—y) —|—§(x—2) 5(3/—2) +§ >
3+ 2v6
0). Thay vao hé va giai phuong trinh ta dugc x = 0,2 = T\/_

Vi du 4.9. Giai phuong trinh

V522 + e+ 9 — Va2 —x — 20 = 5z + 1.
Giai (cha dan).
Diéu kien x > 5. V6i diéu kien dé ta bién ddi phuong trinh da cho nhu sau:
V522 4+ 1da +9 =22 — 2 — 20+ 5V + 1
5r2 + 14w +9 =2 —2 — 20+ 25(x + 1) + 10\/(z + 1)(z + 4)(z — 5)
20% — 5 +2 =5y/(x + 1)(z — 5)Vx + 4
2(z 4+ 1)(x — 5) 4+ 3(x +4) = 5¢/(x + 1)(z — 5)Vz + 4.
Dit /y=(x+1)(x —5), 2=z +4, y >0, 2> 3. Ta dudc
20> —5yz+322 =0 (y — 2)(2y — 32) =0,

17



tu do ta dugc

y:z
3
Y=z

2
5+ 61
2

Néu y = z thi ta dugc x = (do = >5).

. 3 _
Neu y = 52 thi ta dugec z = 8 va x = T Vay phuong trinh c6 ba nghiém
trén.

4r+9

Vi du 4.10. Gii phuong trinh 722 4 7z = 53

, v6i x > 0.

Nhan xét 4.1. Ddi véi dang phuong trinh nay ta thusng dat 4 / 42; ) = ay+b,
sau d6 binh phuong lén rdi ta "c6 7" bién doi vé he doi xtng véi hai an x, y. T
do6 ta sé biét dugc gia tri clia a, b. V6i bai toan nay ta tim dudc a =1, b = 5
(Néu a = 1 va b = 0 ma giai duge thi d6 14 phuong trinh qua don gian, ta
khong xét 6 day).

Giai (chi dan).

4r + 9 1 4r + 9 9 1
Dat = —d > 0 né >3 /—= >, tudoy >0.T
¢ 8 YTgdormineny e >y fog 7 g Aoy °

dugc hé )

1
T+ T =y+=

7y2+7y:a}—|—§

€2 y > 0.

—6 + /50
14

Vi du 4.11. Giai phuong trinh V22 — 2 = V2 — 23

Nhan xét 4.2. Khi giai mot phuong trinh khong phai lic nao ciing ¢6 nghiém

Giai hé binh thuong theo dang ta duge x = —

thuc, ¢6 nhitng phuong trinh vé nghiém nhung khi cho hoc sinh lam bai ta cling
kiém tra dudgc nang luc clia hoc sinh khi trinh bay 16i giai bai toan dé. Chang
han nhu bai toan trong vi du nay.
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Giai (cha dan).
Dit Va2 —2 =2 — 23 =y, v6i y > 0. Khi d6 ta dugc he
22 =19+ 2
2?2 =2— 13
va tit phuong trinh ban dau ta c6 < —v/2. Xét hieu hai phuong trinh ctia he
ta duge phuong trinh (z + y)(2? — 2y +y* —x +y) = 0.
Véi x = —y thi v = —v/a? — 2, dan dén vo nghiem.
voia? —ay+ 1y —r+y=(y—2)(1—2)+y*>>0véimoiy > 0vaz < —V/2.
Do do6 hé v6 nghiém hay phuong trinh da cho v6 nghiém.
Bai toan 4.1. Giai phuong trinh sau:

V2 —x =22 —u.
Giai (cha dan).
Dity = v2—z, y > 0 ta duge (y — 1)(v* +y — 1)(2y°> —y — 4) = 0. Tu

5—1 VvV33+1
doy =1y = \/_2 , Y = T+ va duge nghiém cua phuong trinh la
V5 +1 V3341
€Tr = ]_7 y — 2 5 y — ——8 .

Bai toan 4.2. Giai phuong trinh sau

20° +5x — 1 =7va23 — 1.
Giai (cha dan).

2
1 ~ e
Tu phuong trinh suy ra x # 1. Dat \/% = y, binh phuong dan den
x —_

y > /2 + 2v/3. Phuong trinh tré thanh 24> — 7y 4+ 3 = 0, ta dudc y = 3. T
dé z =4+ /6.

Bai toan 4.3. Giai phuong trinh

(4 — V22 +1 =227 4+ 22 + 1.
Giai (cha dan).
1
Dat Va2 + 1=y, y > 1. Tu do6 ta dugc y = 5 hoac y = 2x — 1. Phuong trinh
4

c6 nghiem z = —.

3
Bai toan 4.4. Giai phuong trinh sau

324 Vr—2)=2x+ Vv +6.
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Giai (cha dan).

bat 3ver -2 =y, vVx+6=2, y >0, 2> 0. Ta dugc x = 3 hoac y + z = 4.
11 —3v5

T d6 phuong trinh ¢6 2 nghiem x = 3, © = T\/_

Bai toan 4.5. Giai phuong trinh sau

\/2—\/§(x+11)+@:1.

Giai (cha dan).
Diéu kien 0 < o < v/2—1. Dat \/2—\/§(x+11)=€/§y<:>y: V2—1—2
va V2 =vV2z e z=Yrvéiy >0, z>0.

Suy ra
{sz) 1)
y+2t=v2-1 (2

1 1 2
Tu (1) thay vy = — z vao (2) ta duce (22 4+ 1)? — +z) =0.
( ) Yy \éyﬁ ( ) ( ) (\‘75 )
4 — 3v/2
s
Xét hiéu hai binh phuong suy ra 2z = 5 . Tw do6 ta dugc nghiém
4 — 32
NI
) 44/2
cua phuong trinh la x = 5 :

Bai toan 4.6. Giai phuong trinh
2% — 2 — 1000v/1 + 8000z = 1000.
Giai (chd dan).
Dit 1+ /T 8000 2y, ta duoe 47, — ¢ = 20000 )
¢ £ AR 2 -y = 20002

Tu (*) suy ra (r —y)(z +y +1999) = 0 va do x + y + 1999 > 0 suy ra x = y,
ta duge nghiem x = 2001.

Bai toan 4.7. Giai phuong trinh sau

2»4+1 2

2+2 5
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Giai (chd dan).
Daty=+vax+1>0, z=+v22 -2+ 1, ta dugc

5 1
syz =202+ 22 & 2 =29 2o =avi-_

z z z z 2
Néug:2taduf0(:\/x—|—1:2 ?—-—r+1 & t=-1 (v
z ) 4.%‘2 —5x+3=0

nghiém)
Néu 2 = = ta duge
z
r > —1
2Vr+l=vz22—z+1& 54+ 37 .
T=— (thod man).
Bai toan 4.8. Giai phuong trinh sau
207 — 5x + 2 = 44/2) (23 — 21x — 20).
Giai (cha dan).

o qen 4 <zg<-1 . 5 < L
Dieu kién r>5 bat v2x —8r—10=yvavor+4=z2 vy >
0,z > 0. Khi d6 ta duge (y —2)(y —3z) = 0. Tt d6 phuong trinh ¢6 bon nghiém
. 9+ v193 17+ 3V73
lar=——var=——".

4 4
Bai toan 4.9. Giai phuong trinh sau
22 —4r —3 =z +5.
Giai (cha dan).
5+ V29
bat vz + 5=y — 2, ta dugc x = —1, m:%.
Bai toan 4.10. Giai phuong trinh sau
3
20?2 + 4o = vt
2
vl x > 1.
Giai (cha dan).
3 -3+ V17 .
Dat g:;_ =y + 1, dugc z = +T < 1 (loai), néu x > —1 thi
-3+ V17
r=—".
4

21



Bai toan 4.11. Giai phuong trinh sau

[ 4
272 + 18z = T3

—5+ /37
18

véi x > 0.
Giai (cha dan).

Tuong tu, ta duge x =

4.2 Phuong phap so sanh

Khi giai phuong trinh vo ty (chang han f(z) = g(z)) bing phuong phéap so sanh,
thuong 13 nham chi ra phuong trinh chi ¢6 mot nghiém (nghiém duy nhat). Ta
thuong st dung cac bat ding thic co dien AM-GM, Co si, Bunhiacopxki, dua
vé trai vé tong binh phuong cac biéu thitc, dong thdi vé phai bang 0. Ta ciing
c6 thé st dung tinh don diéu ctia ham s6 (c6 thé thay ngay hoac sit dung dao
ham xét sy bién thién ctia ham s6) dé uéc luong mot cach hop 1y.

{ f(z) =g(x)

Thudng ta st dung cac udc lugng nhu sau: § f(z) > C (< C) & f(x) =
4(x) < C (ihC)

g(z) = C, hoac uée lugng f(x) > g(x) hoac f(z) < g(x).

Ngoai ra déi v6i bai cu thé nao dé ta sé cé cach uée lugng khac.

Ciing ¢6 mot sé phuong trinh vo ty c6 nhiéu hon mot an ma ta giai bang phuong
phéap uéc lugng .

Vi du 4.12. Giai phuong trinh 4z — 1+ V422 — 1= 1.

Giai (cha dan).

Bai toan nay c6 trong deé thi vao Dai hoc Bach Khoa va DHQG nam 2001. Bai
nay c6 nhieu cach gidi, dap an st dung dao ham.

Ta c6 thé lam don gidan nhu sau: Ta thay z = 3 la nghiém ctia phuong trinh.
) 1
Néu$>§thiVT>1:VP.

) 1
Néu:L‘<§thiVT<1:VP.
Do d6 phuong trinh khong c¢6 nghiém trong hai truong hgp nay.
1

Vay phuong trinh ¢6 mot nghiém la x = X

Vi du 4.13. Giai phuong trinh /322 + 62 + 7++v/b22 + 102 + 14 = 4 — 22—

2.

22



Giai (chi dan).

Bai nay qua don gidn, udc luong Vi > 5 con Vp < 5, do d6 hai vé cling bang
5. Ta dugc phuong trinh c¢6 nghiém duy nhat 1a x = —1.

Vi du 4.14. Giai phuong trinh

Va2 —z+19+ /722 + 8z + 13 + V1322 + 17z + 7 = 3v/3(z + 2).
Giai (cht dén).
Bai nay cach gidi c6 vé hoi mat ty nhién bdi cach "cd " cho nhu vay. Gido vien

va hoc sinh c6 thé sang tac nhing bai kieu do.
Dieu kién x > —2. Véi dieu kien do

VT — \/(x—l) 24 12 (23:—1)2+3(:c+2)2+\/%(256—1)24—2(41:—#3)2

2 4
75 3
Zz+\/§‘$+2|+\/7—’4$+3|

> 33+ Vi + 2+ L+ 3) |
>3V3(r+2)=VP

7 2 ]. 2 ]_
Dau dang thitc xay ra khi x = > Vay phuong trinh c6 nghiém duy nhat laxz = 2

28 27
Vi du 4.15. Giai phuong trinh 2\4/27x2 + 24x + 3 1+ ?x + 6.

Giai (cha dan).
Phuong trinh da cho tuong duong véi phuong trinh

2
2</(9x;4) 14 3(9x2+4).

4
Diéu kien: v > ——. Dat 9z +4 = y, suy ra vy > 0. Khi d6 ta dudc:

\4/y—+4_1+\/ @4\/ +4_1+—+\/ (binh phuong hai v4).

Theo bat ding thic AM-GM ta dudc /6y < T do dé

y2
NG A< 2yt

& dy” + 48 < 3y + 12y + 12
& (y—6)* <0.
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2 .
T do6 ta duge y = 6, suy ra z = 9 théa man dieu kién.
. 2
Vay phuong trinh c6 nghiém duy nhat la x = 9

x — 312

Vi du 4.16. Giai phuong trinh V2t — a3+ T2 —3r+3=2.

Giai (cha dan).

Phuong trinh da cho tuwong duong véi

322 —x+4 (222 —x+1)+ (22 +3)
Phuong trinh xac dinh v6i moi = 1a s6 thuc. Theo Bat déng thic AM-GM cho
hai s6 duong ta duge V(1) < Vp(1).

Do d6 (1) & 222 —x+ 1 =22+ 3 < 2> — x — 2 = 0. Tt d6 phuong trinh c6
nghiém la z = —1 va x = 2.

[ 1 1
Vi du 4.17. Gidi phuong trinh V2 — 22+ /2 — 5 =4 — (24 —)
X

X

V(222 —x +1)(22 4 3) =

Giai (chu dan).
2
Vi< @ < —g
Dieu kién
| 2
g < 2 <2

Véi dieu kien d6, phuong trinh da cho tuong duong v6i phuong trinh

/ 1 1

Theo Bat déng thitc Bunhiacopxki, ta dudc

(V2—a22+2) =vV2—221+2.1)2<4

(H+i) (HH%U <4

V2—a2?2+x=2
Suy ra V(1) <4 =Vp(1l). Do d6 (1) & /2 1 N I 5 nghia 1a dau
2 r

bang trong hé xay ra. Tt dé phuong trinh c6 nghiém duy nhat 1a z = 1.

2V/2
_WW
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Giai (cht dn).
Diéu kien > 0. Theo Bat ding thitc Bunhiacopxki, ta dugc

1 \/E 9 1 x
= (2v2 +vVz+1 < (z+9 + — VP2
( vr+1 \/:1:+1) _( )(x+1 :1:+1)
1
PR 2v/2 x+1
Phuong trinh c¢6 nghiém khi dau dang thic xay ra ha = =

r+1
1
T = —.
7

Vay phuong trinh c¢6 nghiém duy nhat 1a x = =
Vi du 4.19. Gidi phuong trinh  13+v/22 — 2% + 9v22 + 2% = 16.
Giai (cha dan).

DPieu kien —1 < z < 1.

Véi diéu kien d6 phuong trinh tuong duong véi

|2 | (13v/1 — 2249V 1 4+ 22) = 16 & 2%(13V/ 22 — 2449/ 22 + 24)? = 256 (1).

Theo Bét dang thic Bunhiacopxki, ta dugc

(131 — 22 + 91 + 22)? = (VI3VI3V/1 — 22 + 3V3V3V/1 + 22)?
< (13 +27)(13(1 — 2%) + 3(1 + 2%))
= 40(16 — 102?)
Theo Bat dang thiic AM-GM cho hai s6 duong ta dugc

1022 + (16 — 1022)
2

102*(16 — 102”) < (

Do d6 V(1) < 4.64 = 256, ta duge

2
(1) < \/1—%:% <:){9—91:2:1—|—x2

2 _
2
. Tu d6 dan dén x = :ET\/_
2
Vay phuong trinh c¢6 hai nghiém la x = :I:T\/_
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Vi du 4.20. Giai phuong trinh  va2 — 2 = v/2 — a3,

Nhan xét 4.3. Trong phan gidi phuong trinh v6 ty bing Phuong phap dit an
phu ta da giai bai toan nay, ta ciing c6 thé gidi né bang phuong phap uéc lugng
nhu sau.

Giai (cha dan).
Dicu kien 2 — 2% > 0 < 2 < /2.

T >2

Gia sit x 1a nghiém ctia phuong trinh. Khi d6 22 — 2 > 0 < , ta
r < —\/§

duge x < —+/2. Mii 6 hai vé suy ra 27 — 62° + 2* + 120 — 42% — 4 = 0().
Céach thit nhat ta bién ddi Vt thanh 2% — 52° + 22 (2! — 2% + 1) + 1223 — 322 — 4
1 mot biéu thite am khi x < —v/2.
Céach thit hai ta bién déi Vt thanh 2° — 24(62% — 1) + 122° — 42% — 4 ciing 1a
mot bidu thitc am khi z < —v/2.
Ta c6 thé bién doi tiép phuong trinh (*) sau khi chia hai vé cho z — 1 # 0, ta
dugce
¥+ 2% —ba® — b2t — 4 8P 4 +4=0
(@ +r+1) -5zt (w +1) —da(x® — 1) +4(22° +1) =0

vo nghiem vi Vt luon duong khi < —v/2. Vay phuong trinh vo nghiem.
Vi du 4.21. Giai phuong trinh

Ve +2)22—-1)=3Ve +6=4—/(z+6) (22 — 1) + 3V + 2.
Giai (cha dan).
Bién ddi phuong trinh thanh (vVz +6 + vz +2)(v/22x —1 — 3) = 0, suy ra
x > 5. Vt la ham s6 dong bién trén doan [5;+00). Tt d6 dan dén =z = 7 la
nghiém duy nhat cia phuong trinh da cho.
Vi du 4.22. Giai phuong trinh 22% — 112 4+ 21 — 4z — 4 = 0.
Giai (chua dan).
Phuong trinh tuong duong véi

B 12(x — 3)

(dr — 42 +2¥ Az —4+4
Ta thiy x = 3 1a nghiém ctia phuong trinh.
Néu x # 3 thi phuong trinh tuong duong véi

12
20 — 5 = - . (1)
(dr — 4?2 4+ 2y/4x — 4+ 4
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Néu x > 3 thi V(1) > 1 > Vp(1).
Néu z < 3 thi V(1) < 1 < Vp(1).
Vay phuong trinh c¢6 nghiém duy nhat 1 z = 3.

Vi du 4.23. Giai phuong trinh 222 — 1+v2?2 — 32+ 2 = V222 + 20 + 3+
Va2 — x4+ 6.

Nhan xét 4.4. VG6i bai toan nay ta sit dung mot wée luong it gap sau day:

VI@+Vg@) = V@) + ah(o)+/g(@) + bh(a {{ng;g, g(x) >0

v6i a, b 1a hai s6 thuyc duong.

Giai (chu dan).
Bién doi phuong trinh

V222 =14 Va2 =3 +2=/222 —14+2(x +2)+ /22 — 3z + 2+ 2(x + 2)

o 2332—120, 22 —=3x+2>0
r+2=0

Tt d6 ta duge phuong trinh ¢6 nghiém la x = —2.

Vi du 4.24. Giai phuong trinh

16 1
+ =10 — vV — 1996 + — 2008
v —1996 +x — 2008 Y

Nhan xét 4.5. Véi bai toan nay, ta thay day 1a mot phuong trinh gdom hai an.
Do d6 ta nghi dén bién d6i phuong trinh thanh phuong trinh méi c6 Vt 1a tong
cac binh phuong, con Vp bang 0.

Giai (chii dan).
Bién d6i phuong trinh thanh

(\4/33 1996 —

2

4 2 4
—— ) + (Vy— 2008 - - ——)
Vi — 1996) Y = 2008
Tt d6 ta duge phuong trinh ¢6 nghiém 1a (z;y) = (2012;2009).

3
Vi du 4.25. Giai phuong trinh z/y — 14+ 2yv/ox — 1 = 3
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Giai (cht dn).
Diéu kien v > 1, y > 1.
Ta co

1
z/y—142yver—1=—ylx —2Vr -1 —Ex y—2y/y—1)+ xy

= —y(Vr —1-1)° —%ﬂf(\/yj—l) +§wy

Khi d6 phuong trinh d6 cho tuong duong véi
r>1,y>1
1
y(vVor—1—-1)2+ im(\/yj —1)>=0

Tu d6 ta duge phuong trinh c6 nghiém la (z;y) = (2;2).

4.3 Phuong phap lugng giac

Vi du 4.26. Giii phuong trinh 42z — 1 + v422 —1 = 1.
Giai (cha dan).
Bai toan nay (da xét & trén) cling c¢6 thé giai bang phuong phap lugng giac. Dat
Vdxr —1 = cosy clo.™
V4z? —1 =siny 2
Khi do6 ta duge phuong trinh
cos®y — 2costy + 8cos? =7 =0
&(cosy —1)(...) =0
&cosy =1

1
Do vay phuong trinh c6 mot nghiém la x = X

1

Vi

1
Vi du 4.27. Giai phuong trinh — +
x

Giai (cha dan).
biat x = cosy, y € (0;7), y # g Phuong trinh da cho tré thanh

1 1
+ — 2V/2 & siny + — /2sin 2u.
cosy T amy siny + cosy sin 2y
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bat siny + cosy = z, —\/§§ z < \/§suy ra sin 2y = 22 — 1, ta dugc z = V2

\ V2

va z = ———.
2

y . U ) 2

lez:ﬂthlyzz,dodox:i
2 11 1 3

Véi z = —g thiy = 1—;, do d6 x = — 2+\/\§/_ Vay phuong trinh c6 nghiém
" 2 . 1++3

Ar=—-var=— :

2 2v/2

Vi du 4.28. Giai phuong trinh 2 + /(1 — 22)3 = 21/2(1 — 22).

Giai (cha dan).

Dieu kien —1 < z < 1.

bat x =siny, y € {— g,g} suy ra cosy > 0.

Khi d6 phuong trinh tré thanh sin® y+cos® y = v/2siny cos y. Dit sin y+cosy =
z, 2 € [-V2; —V/2] (chinh xé4c 1a z € [~1;/2]), bién déi phuong trinh ta dugc

P V2 -3 V2 =060z - V2)(z+V2-1)(z+V2+1)=0
Sz=V2Vz=1-V2

) 2
Néuz:\/§thiy:Z,dodéx:£

5
Néuz=1—+2thisiny+cosy=1—z=1—1+/2, do dé

C1-V2-V2v2 -1
N 2

r4+vV1l—22=1-V2& 2

Vay phuong trinh c6 2 nghiém trén.

4.4 Moét s6 phuong phap khac

Ngoai nhitng phuong phap thuong gip ¢ trén, doi khi ta cing ¢6 nhiing 1oi giai
khong chinh théng (phuong phap dic biet)doi véi mot sé6 phuong trinh vo ty.
Ciing c6 thé ta st dung két hop cac phuong phap & trén dé giai mot phuong
trinh.

Vi du 4.29. Giai phuong trinh /22 — 3v22 + 9vV22 — 4v22 + 16 = 5.
Giai (chd dan).
Néu z < 0 thi Va2 — 3v2z +9v22 — 422 + 16 > 3+ 4 = 7 > 5 (phuong
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trinh khong c¢6 nghiém).

Néu z > 0 thi ta xét tam giac vuong ABC véi A = 90°, AB = 4; AC = 3.
Goi AD la phan giac ctia goc A, 1ay M thuoc tia AD. Dat AM = x, xét ANACM
c6 2% — 3v/2x + 9 vh xét AABM c6 BM? = 2> — 4y/2x + 16.

Tu do6 suy ra \/x2—3\/§a¢+9\/x2—4\/§x+16 = CM + BM > BC = 5.
Dau dang thic xay ra khi M = D, hay

CM 3
—— = & 16CM?* =9BM?>
BM 1% k
) ) 12¢/2
& 16(22 — 3v22 4 9) = 9(2? — 4v2x + 16) @71}—12\/536:0(:)1‘:7.
1212

Vay phuong trinh c6 nghiém la x = -

Vi du 4.30. Giai phuong trinh
Vad—a22+Vaz+ 14+ a2+ 2 —2y—3=5—y+ vzt — 16.

Giai (cha dan).

Dit dieu kién cho phuong trinh x4c dinh ta sé duge | x = 2 |. Khi d6 phuong

3
trinh tré thanh |y —1 |=2—y, suyray = 5" Vay phuong trinh ¢6 mot nghiém
3

a (z;39) = (2 5)-

Vi du 4.31. Giai phuong trinh 7z +1— V2?2 —2 — 8+ Va2 —8r+1=2.
Giai (cha dan).
Dity =vTx +1; —2=vVa?2—x—8; t =va2—8x+ 1, suy ra

y+z+t=2 1
prirr=s U

Mat khac (y + z + t)* = 8(2).
T (1) va (2) ta duge

z=20
(Y+z+t) =@ +2+) =3 +y)(y+2)(z+t) =0 V1o
t+y=0

[y=2(3)

& | 2= —t(4)

t=—y(5)

Xét (3) ta duge x = =1V =9, xét (4) dugc x = 1va (5) dugcz =0V =1.
Vay tap nghiém ctia phuong trinh la S = {—1; 0; 1; 9}.
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Vi du 4.32. Giai phuong trinh  v22 — 42 + 20 + V22 + 42 + 29 = /97,
Giai (cha dan).

Trong mat phang toa do xét hai véc to a = (x — 2;4), = (—x —2;5). Khi
dotadu’dca+b (—4;5), Suyra|a+b|—\/_7vatacﬁngcé\a)\—
Va2 —dx + 20, | b |= Va? + 4z + 20. Phu?dng trinh tré thanh | @ + b =| a |
+ | b |, ding thic d6 x4y ra khi a va b cling chieu < r ; : = —.1‘5— . Tu do
ta dugc phuong trinh ¢6 mot nghiém 1a x = g

Vi du 4.33. Giai phuong trinh /1 4+ V22 — 22 + V1 — V22 — 22 = 2(z —
4222 — 4z + 1)
Giai (chd dén).
Dit y = v2z — 22y/1 — (z — 1)?, suy ra ? ) 1:1—3/.
Ta duge T+ y+ V1T —y=2(1—9y**(1—24*) (1).

2

Matkhac\/ﬁ+\/1f>1—l—\/l— 2>2—y" (2).

Tit (1) va (2), suy ra 2(1 — y?)?(1 — 2¢y%) > 2 — 9% Dit z = ¢?, ta duge
0<2z<1va2(1—2)2%(1-22)>2—2e 2(422-102+7) <0 2 < 0(do
42> — 102+ 7 > 0).

Dod6 z=0,suyray = 0 hay 22 — 2?2 = 0 & o = 0 Vz = 2. Vay phuong trinh
c6 nghiem la x =0 va z = 2.

2

4.5 Mot s6 bai toan thi hoc sinh gioi

Bai toan 4.12. Giai phuong trinh xv/z — 2 — 11V —a2+ 40 —4+14 =5z +
137z — 2.

Bai toan 4.13. Giai phuong trinh va22 +2 — V223 — 32 + 1 = 22° — 2% —
3r — 1.

Bai toan 4.14. Giai phuong trinh vz + 8+ vx +4 = /22 + 3 + /3.
Bai toan 4.15. Giai phuong trinh 22 — 22+ 3 = V222 — 2 + /1 + 3z — 322

2007 — 2008z % + 2009z
x - 2242007

Bai toan 4.16. Giai phuong trinh \/

Bai toan 4.17. Giai cac phuong trinh
Lavli4+az++/3—2=2v1—2a2

31



2. vV + v+ 7= vx+80.
3. Wr+1=22x—1)3

1 H
4. 8x2—|—\/i:—.
T 2

3
5%:§+2$

6. 224 2x + 4 = 3V x3 + 4z.

Bai toan 4.18 (1995 - Bang A.VMO). Giai phuong trinh 23 — 322 — 8z +
40 — 8y/4x +4 = 0.

Giai (chi dan).

Dieu kien x > —1.

Khi dé xét f(x) = 23 —32% — 81440 v g(x) = 4v/4x + 4 trén doan [—1; +00).
Ta duge f(x) = g(x), a4p dung Bat dang thitc AM-GM cho bén s6 khong am,
ta dugc

1
g(r) = V2L2120 (Ar + 4) < S (24 20+ 20+ (A +4)) =2 +13 (1)

Déang thiic xay ra khi va chi khi 2* =42 +4 < o = 3.
Mat khac

1?32 —8r+40> 1+ 13 (v —3)(2* —9) >0
& (x—-3)%*2z+3)>0

Diang thtic xay ra khi va chi khi x = 3.

Tt (1) va (2), ta duge g(x) < z + 13 < f(x). Ca hai dang thiic déu x4y ra khi

x = 3, théa méan dieu kien.

Vay phuong trinh c6 nghiém duy nhat 1a z = 3.

Nhan xét 4.6. Ta c6 thé st dung dao ham dé xét su bién thién ctia cac ham
s6 f(x) va g(x) tréen doan [—1;+00), ta dugc min )f(:v) = f(3) = 13 va
—1;+o00
max g(z) = g(3) = 13.

[—1;+00)

Hozc ta c6 thée dat v/4z +4 =y, véi y > 0 sau dé ding dao ham dé khao sat
su bién thién ctia ham s6 f(y) = y'? — 24y% + 16y* — 512y + 2816 (f'(y) =
2(y — 2)h(y) voi h(y) >0 ).
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Bai toan 4.19 (1995 - Bang B.VMO). Giai phuong trinh 222 — 11z + 21 —
3vV4x —4 = 0.
Giai (cha dan).

bat vdx —4 =1y.
344 6+ 8y3 + 16
Khi d6 r = y T va suy ra x2 = y 1y6 * T do ta ¢o phu’dng trinh
S0+ 854 16) — (5 4 4) — 3y — 21 =0

ey’ — 14y — 24y +96=0 (1)

ey — 22yt +4y° + 1202+ 18y + 14) = 0. (2)
Do y < 0 thi V& trai ctia (1) duong, do dé ta xét y > 0, khi dé y* + 4y3 + 12y% +
18y + 14 > 0. Nen tur (2) ta thay y = 2 hay /42 — 4 = 2, ta dugc x = 3.Thit
lai dung.
Vay phuong trinh c6 nghiém duy nhat 1a z = 3.
Bai toan 4.20 (2002 - Bang A.VMO). Giai phuong trinh /4 — 3v/10 — 3z =
x — 2.
Giai (cha dan).

R 74 10 .
Dieu kién o7 <zx< 3 Véi dieu kién d6 phuong trinh da cho tuong duong véi

phuong trinh
4—3v10 — 3z = 2° — 4o + 4 < 9(10 — 32) = 2%(4 — x)?
o ot — 823 4+ 1622 + 272 — 29 = 0
& (r—3)(z+2)(2® — Tz +15) =0
& r =3 (do diéu kien va z* — 72 + 15 > 0.
Vay phuong trinh c6 nghiem duy nhat 1a = 3. Céach 2: Dat /10 — 3z = v,
10—y =T —2= -y
3 3

4
SuyraOSygg(l)vﬁix: > (0 v6i moi y thoa

man (1). Khi d6 ta dugc

4y 1 8y? 416
\/4—3y:Ty<:>4—3;y=y g+

syl =8 +27y —20=0
Sy —D(y+4)(y° —3y+5)=0
sy = 1.

Hay ta dugc /10 — 3z =1 & x = 3.
Vay phuong trinh c6 nghiém duy nhat la z = 3.

33



1
Bai toan 4.21 (1998 - Canada MO). Giai phuong trinh z = /o —— +
x

/ 1
1 ——.
x

Giai (cha dan).
That vay, tit dieu kién xac dinh ctia phuong trinh ta phai dan dén dugc z > 1.
Véi diéu kien d6, phuong trinh tuong duong véi

R e )
e@?—1)-2yz(@2—1)+z=0
(VT VA =0

1 5
evar?2—1—+/z =0 Tudosuyraz= +2\/_.
. 1 5
Vay phuong trinh c6 nghiém duy nhat la x = +2\/_.

34



Chuong 5

Mot sb6 bai tap luyén tap

Bai toan 5.1. Giai phuong trinh

V322462 4+ 7+ /522 + 10z + 14 = 4 — 20 — 2°.

Bai toan 5.2. Giai phuong trinh

\/x+3—4Jﬁ+\/x+8—6\/ﬁ=1.

Bai toan 5.3. Giai va bién luan phuong trinh

Vidr+Vl—z=a
Bai toan 5.4. Giai phuong trinh

Vi —p+2va2—1=ux.

Bai toan 5.5. Giai phuong trinh

Vai—224+VI+4dz+ /a2 +12 —2y—3=+vat— 16—y + 5.

Bai toan 5.6. Giai phuong trinh  42° — 3z = V1 — 2.

(Giai (cha dan).
Dat x = cosy, phuong trinh ¢6 tap nghiém la

S = {COSE; COS5—7T; 0083—7T}.

8 8 4
Bai toan 5.7. Giai phuong trinh 5 + 3v/1 — 22 = 8(2% + (1 — z?)3).
o
Bai toan 5.8. Giai phuong trinh z + ———— = 2v/2.
p g T

Bai toan 5.9. Giai phuong trinh (V3 — 22)v/1 — 22 = /32 — 222,

35



z(1 4 z?)

1 =3 1 — 22
—x

Bai toan 5.10. Giai phuong trinh

1 2\3
Bai toan 5.11. Giai phuong trinh 6:155(— ;_Oi?’)—l— 6x V1+ 22

Bai toan 5.12. Giai phuong trinh 222 + V1 —z +2zv1—22=1
Bai toan 5.13. Giai cac phuong trinh sau:
Lva2to—14+Ve—22+1=2—2+2;
2. V1+ V1 —a2? =z(1+ 11— 22);
l—x 2x+ x?
r 112’
4. \/x =244 —x=22>—5x —1;

5. v3x2 — x + 2001 — v/322 — 7z + 2002 — /62 — 2003 = v/2002.

3.

Bai toan 5.14. Giai cac phuong trinh sau:

].$2—2ZC—{—3:\/25[’;2—$_}_\/1+3x_3x2,
/42 [ 60
7T—x

(z =2V —1—+22+2=0;

4. 3r+1+ V5 —ax+ 22 —9— /4o — 3 =0;
5. 42 — 4x — 10 = /822 — 6 — 10.

Bai toan 5.15. Giai cac phuong trinh sau:
1. x = (2004 + /x)(1 — /1 — /2);
2. \/\/ﬁ—x:x \/§+:c;
3. \/x—\/x—\/:z:—\/:c—f):{’);

4. 162* + 5 = 6v/4a3 + x;
5. 2% — 322 +24/(x + 2)3 — 62 = 0.

Bai toan 5.16. Giai cac phuong trinh sau:
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1. \/5$—1+\3/9—x:2$2_|_3x_1;

28 27
2</27x2—|—24x—|—§:1_|_ 246

2
3. 13vz — 1+ 9vx + 1 = 162;
4. Ve +86— Ve —5=1;
5. Va2 — 29z — (x —)Vr —T7—32 428 =0.
Bai toan 5.17. Giai cac phuong trinh sau:
2+ /x 2— & _ 3
f+\/T V22— z |
2. 02r + 4+ 42—z = V922 + 16;
3. 2% — b 4 2 = 4,/2(2 — 21z — 20);

4. 23 =3z =z + 2;
1 3 2 3 1 — 22
5. %+ 2x° + 22 —2x + 1= (2° + x)
x

Bai toan 5.18. Giai cac phuong trinh sau:

6+ /x 16 =6;

1. z% —
2. _+\/$———$+\/2x——

3. V22 +da+ T =o' + 423 + 30 — 20— T,
4. V1 -2+ vVl —1+V1—2=1;
= ()

Bai toan 5.19. Giai phuong trinh
L. 3(v22? +1-1) = 2(1 + 3z + 8v22? + 1);
2.2(2% +2) =5V + 1;
3. 6428 — 11224 4+ 5622 — 7= 2+ V1 — 22;

4 VI VI 2P — =P =24 VT =%
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1l —=x

5. V14 VI= 22 (VT2 - /(T =2 =

Sl
w
w

Bai toan 5.20. Giai cac phuong trinh sau:

12— 6v/6r+4—4=0;

2. 2(2® — 32+ 2) = 3Va3 +8;

3. Vr+1— Ve —1=+/22—1;

4. V2415 =3Yz + V22 +8 -2

5. VT 4+ Vel —2)? + /(1 -2 = VI -2+ Va3 + Y221 - ).
Bai toan 5.21. Giai cac phuong trinh sau:

1. 2% +1 =33z — 1;

2:(:+—x —3—5'
' 21 12

3. 222 — 11z + 21 — 3/4x — 4 = 0;

4. et + 423 + 622 + 4o+ Va2 + 22 + 10 = 2;

Bai toan 5.22. Giai cac phuong trinh sau:
3r .

V14 a2 ’

2. (r—1)Ve—1+5yve—1+4x —4=0;

3. 10z* — 142% + 19 = (5% — 38)v/x2 — 2;

4. (x + 1D)Va2 =22 +3 =2 + 1;
1
5. \/§—x\/1—x2:1—23¢2.

Bai toan 5.23. Giai phuong trinh

. 1+3yx L= 0
Ar+2+4 7 ’

2. 23 — 31 — Vx +2=0;
3.82% —dx — V6xr +1—-1=0;

1. z +
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4. 224 (3 —Vat2)r —2v/22 +2 -1 =0;
5.3z + Va2 +5— Va2 +12-5=0.
Bai toan 5.24. Giai cac phuong trinh sau:
1. V2(2? + 8) = 5v/a3 + 8;
2. 4x — 2% = 3\/4—3\/m;
3. (x4 3)y/(4 —2)(12 + ) = 28 — x;
4. 2y/x + 1+ 6v9 — 22 + 6+/(x + 1)(9 — 22) = 38 + 10z — 222 — 2%;

Bai toan 5.25. Giai phuong trinh
1
V—4zty? + 1622y + 9 — /a2y? — 22 = 2<:1:2 + ﬁ)

Bai toan 5.26. Giai phuong trinh

1 1 1 1 1
2 xQ—Z—i— xQ—Z—l— x2—1-~-+\/x2—1+\/w2+$+12:E3—|—3x2—|—3x—|—1.

7

-~

2008 dau can thic bac hai
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